In this paper we shall study a notion of relative annihilator-preserving congruence relation and relative annihilator-preserving homomorphism in the class of bounded distributive semilattices. We shall give a topological characterization of this class of semilattice homomorphisms. We shall prove that the semilattice congruences that are associated with filters are exactly the relative annihilator-preserving congruence relations.
Introduction
It is well known that in a lattice A the annihilator of a relative to b is defined as the set ha; bi D fx 2 A W x^a Ä bg. A classical result given by Mandelker [12] asserts that a lattice A is distributive if and only if ha; bi is an ideal for all a; b 2 A. Later, Varlet in [14] gives a similar characterization for distributive semilattices. The annihilator or annulet of an element a is the set a ı D ha; 0i D fx 2 A W x^a D 0g (see [9] ). It is clear that if A is an implicative semilattice (also called relatively pseudocomplemented semilattices or Brouwerian semilattices [7] ), then ha; bi is a principal ideal whose generator is the relative pseudocomplement of a with respect to b, in symbols a ! b. Similarly, if A is a pseudocomplemented semilattice, then a ı is a principal ideal whose generator is the pseudocomplement of a, written a . Thus, the notion of annihilator generalize in semilattices the concept of pseudocomplementation, while the notion of relative annihilator generalize the concept of intuitionistic implication.
In [11] M. F. Janowitz defines the notion of annihilator-preserving congruence relation in a bounded distributive lattice A, called AP -congruence, as a lattice-congruence Â such that for all a; b 2 A, if a^b Á Â 0, then there exists c 2 A such that a^c D 0 and c Á Â b. It is easy to see that if A is a pseudocomplemented bounded distributive lattice, then a lattice-congruence Â is an AP -congruence iff it is a congruence of A. In [4] some new characterizations of this notion for bounded distributive lattices are proved. The main aim of this paper is to study this notion and the notion of annihilator-preserving semilattice homomorphism in the class of bounded distributive semilattices. All results given in this paper can be adapted to the case of bounded distributive lattices.
The paper is organized as follows. In Section 2 we shall provide all the needed information to make the paper self-contained. In Section 3 we shall review some results on relative annihilators in bounded distributive semilattices. In Section 4 we shall introduce and study the notion of (relative) annihilator-preserving semilattice homomorphism.
In case of implicative semilattices, Heyting algebras or distributive pseudocomplemented lattices we have the usual notion of homomorphism in these classes of algebras. We shall also introduce the notions of h i-relation and ı-relation, and we shall prove that these notions are the dual of h i-homomorphism and the ı-homomorphism, respectively. We shall conclude this section by analyzing the connection of these notions with the known notion of p-morphism in modal logic. In Section 5, we shall study the notion of (relative) annihilator-preserving congruence relation. It is well known that in a Boolean algebra or Heyting algebra A, the lattice of congruences of A is isomorphic to the lattice of filters of A. We shall prove that in the class of bounded distributive semilattices the ordered set of all relative annihilator-preserving congruence relations is isomorphic to the lattice of filters. This result may be extended to the variety of bounded distributive lattices.
Preliminaries
In this section we shall give some necessary notations and definitions. Let us consider the poset hX; Äi. A subset U Â X is said to be increasing (decreasing) if for all x 2 X such that x 2 U .y 2 U / and x Ä y, we have y 2 U .x 2 U /. The set of all subsets of X is denoted by P.X / and the set of all increasing subsets of X is denoted by
, then we will write OEy/ and .y instead of OEfyg/ and .fyg, respectively. Let us recall that a meet-semilattice with greatest element is an algebra hA;^; 1i of type .2; 0/ such that the operation^is idempotent, commutative, associative and a^1 D a for all a 2 A. As usual, the binary relation Ä defined by a Ä b if and only if a^b D a is a partial order. In what follows, we will call it semilattice instead of meet-semilattice with greatest element. A bounded semilattice is an algebra hA;^; 0; 1i of type .2; 0; 0/ such that hA;^; 1i is a semilattice and a^0 D 0 for all a 2 A.
A filter of a semilattice A is a subset F Â A such that 1 2 F , if a Ä b and a 2 F , then b 2 F and if a; b 2 F , then a^b 2 F . The filter generated by a subset H Â A, in symbols F .H /, is the set F .H / D fx 2 A W 9fh 0 ; :::; h n g Â H and h 0^: ::^h n Ä xg. A filter F is said to be finitely generated if F D F .H / for some finite non-empty subset H of A. Note that if H D fag then F .fag/ D OEa/. We will denote by Fi.A/ the set of all filters of A. Then, Fi.A/ is a lattice if and only if any pair of elements of A has an upper bound in common.
A proper filter P of A is irreducible if for all
The set of all irreducible filters of A will be denoted by X.A/. A subset I of A is called an order-ideal of A if I is decreasing and for all a; b 2 I there exists an element c 2 I such that a Ä c and b Ä c. A proper filter F of A is weakly irreducible if I D F c D fa 2 A W a … F g is an order-ideal. We note that in all semilattices, every weakly irreducible filter is an irreducible filter. We will denote by X ! .A/ and Id.A/ the set of all weakly irreducible filters and proper order-ideals of A, respectively. Let A be a semilattice and let F 2 Fi.A/. We note that F is irreducible if and only if for every a; b … F there exists c … F and f 2 F such that a^f Ä c and b^f Ä c. Moreover, F is weakly irreducible if and only if
The following result, analogue of the Prime Filter theorem, was proved in [5] for semilattices in general.
Theorem 2.1. Let A be a semilattice. Let F 2 Fi.A/ and I 2 Id.A/ such that F \ I D ;. Then there exists P 2 X.A/ such that F Â P and P \ I D ;.
A semilattice A is distributive if for all a; b; c 2 A such that a^b Ä c there exist
Recall that a lattice is distributive if and only if it is distributive as a semilattice (see [10] or [7] ). We will denote by DS and DS 01 the class of distributive semilattices and the class of bounded distributive semilattices, respectively. Now, we will recall the notion of relative annihilator. Let A be a semilattice. For a; b 2 A, the annihilator of a relative to b is the decreasing set ha; bi D fx 2 A W x^a Ä bg:
is the annihilator of a. In general the subset ha; bi is a decreasing subset, but is not an order-ideal. But, as we will see in Theorem 2.2, in the case of distributive semilattices ha; bi is an order-ideal (see [14] ). If X Â A, then we define the annihilator of X as the set
Theorem 2.2. Let A be a semilattice. Then the following conditions are equivalents:
The set Fi.A/, considered as a lattice, is distributive.
. Then there exists P 2 X ! .A/ such that F Â P and P \ I D ;. The equivalence between .1/ and .2/ was proved by G. Grätzer in [10] . The equivalence between the condition .1/ and .4/ of Theorem 2.2 was given by J. Varlet in [14] and [13] . This result provides a characterization of distributivity of a semilattice through a separation property and generalizes the Stone's theorem for distributive lattices. Finally, the equivalence of the conditions .1/ and .3/ was proved by S. Celani in [5] .
A filter F of a semilattice A is maximal if it is proper and there is no proper filter that is strictly greater. We denote by X m .A/ the set of all maximal filters of a distributive semilattice A. We note that X m .A/ Â X.A/.
Remark 2.3. Let A be a semilattice. If A is distributive, then every maximal filter F is irreducible. Indeed, let F 1 ; F 2 2 Fi.A/ be such that F 1 \ F 2 Â F . Suppose that F 1 ª F and F 2 ª F . Then there exist a; b 2 A such that a 2 F 1 F , and b 2 F 2 F . As F is maximal, F _ OEa/ D A and F _ OEb/ D A. So, since A is distributive we get
which is a contradiction because F is proper.
We will recall some topological notions. Let hX; T i be a topological space. The closure of a set Y Â X is denoted by cl.Y /. If Y D fyg, then we will write cl.fyg/ D cl.y/. An arbitrary non-empty subset Y Â X is irreducible if Y Â Z [ W for closed subsets Z and W implies Y Â Z or Y Â W . Remark that for each x 2 X the set cl.x/ is irreducible. We recall that the specialization order of X is defined by x y iff x 2 cl.y/. The dual order of is denoted by Ä, i.e., x Ä y if and only if y 2 cl.x/. Note that the relation is reflexive and transitive, but not necessarily antisymmetric. A topological space hX; T i is sober if for every irreducible closed set Y of X , there exists a unique x 2 X such that cl.x/ D Y . If hX; T i is a sober space, then is an order and is T 0 .
Recall that a DS-space is a sober topological space hX; T i such that the set of all open and compact subsets KO.X / of X forms a basis for the topology T (see [3] ). Consider the set D.X / D fU Â X W U c 2 KO.X /g. It is clear that hD.X/; \; Xi is a distributive semilattice. We note that a DS -space hX; T i is compact if and only if D.X/ is a bounded distributive semilattice. We note also that any closed subset in a sober space hX; T i is increasing with respect to the dual specialization order Ä of X . If hX; T i is a DS -space, then the map
Remark 2.4. By the results given in [3, Theorem 20] and [10] we have that a topological space hX; T i is a DSspace iff (1) the set of all open and compact subsets KO.X / of hX; T i forms a basis for the topology T , (2) hX; T i is T 0 , and for each closed subset Y and each subset
Let A be a distributive semilattice. Let us consider the set X.A/ and the mapping see [3, 5] and [6] . For each F 2 Fi.A/, we consider the set
In [5] it was proved that a subset U Â X.A/ is closed in hX.A/; T A i if and only if there exists F 2 Fi.A/ such that U Dˆ.F / c .
In [5] (see also [3] ) it was shown that there exists a duality between homomorphisms of distributive semilattices and certain binary relations, called meet-relations. Let X 1 and X 2 be two sets and let R Â X 1 X 2 be a binary relation. For each
It is easy to verify that
for all x 2 X 1 . It is not hard to see that if R is a meet-relation, then .R ı Ä/ Â R, where ı denotes the composition of relations. Let A and B be two distributive semilattices. In [5] it was shown that a function h W A ! B is a semilattice homomorphism iff the relation R h Â X.B/ X.A/ defined by .P; Q/ 2 R h iff h 1 .P / Â Q, is a meet-relation.
Relative annihilators in DS 01
In this section we will review some results on relative annihilators in bounded distributive semilattices.
Proof. We shall sketch some steps of the proof in order to keep the paper reasonably self-contained.
. Let H be the filter generated by F [ fag. We prove that H \ .b D ;. If there exists c 2 H such that c Ä b, then there exists f 2 F such that f^a Ä c Ä b. So, f 2 F \ ha; bi, which is a contradiction. Thus, by Theorem 2.1 there exists Q 2 X.A/ such that F Â Q, a 2 Q and b … Q.
The direction (/ is clear. (2) follows by (1) . We prove (3) . Suppose that a ı \ P D ;. Then there exists Q 2 X.A/ such that P Â Q and a 2 Q. Consider the family Z D fF 2 Fi.A/ fAg j P Â F and a 2 F g. It is clear that Z ¤ ;, since Q 2 Z. Due to Zorn's lemma there is a maximal element in Z, since every chain of elements of Z, ordered by inclusion, has supremum in Z. Let U be such an element. Clearly, U is proper. We prove that U is a maximal filter. Let b … U . We prove that there exists c 2 U such that c^b D 0. If b ı \ U D ;, then the filter F D F .U [ fbg/ is proper and F 2 Z, which is a contradiction because U is a maximal element in Z. Therefore there exists c 2 U such that c^b D 0, i.e., U is a maximal filter.
Conversely. Let P 2 X.A/ and U 2 X m .A/. Suppose that P Â U and a 2 U . If a ı \ P ¤ ;, then there exists p 2 P such that a^p D 0. So, p 2 U , and consequently we have that 0 D a^p 2 U , which is impossible. Thus,
ı \ U ¤ ; and a 2 U , then there exists p 2 U such that p^a D 0, which is a contradiction. Conversely. Let Q be a filter such that U Q. Then there exists a 2 Q and a … U . As a … U , a ı \ U ¤ ;. So there exists p 2 U such that p^a D 0. As U Q, p^a D 0 2 Q. Thus, Q D A, and this implies that U is a maximal filter.
(
. As a 2 a ıı , we get that a … U .
Recall that a bounded distributive semilattice A is normal if each irreducible filter P is contained in a unique maximal filter [13] . It is clear that a bounded distributive lattice is normal iff it is normal as a bounded distributive semilattice (see [8] ). While studying normal bounded distributive semilattices Pawar and Lokhande [13] have presented several characterizations of normal bounded distributive semilattices. The following result is proved in [13] , but we give here a different proof for completeness. This result we shall need in Proposition 4.7.
Proposition 3.2 ([13]
). Let A 2 DS 01 . Then the following conditions are equivalent:
(2) For every P 2 X.A/, and for every a; b 2 A with a^b D 0, a ı \ P ¤ ; or b ı \ P ¤ ;.
Proof. .1/ ) .2/ Let P 2 X.A/ and a; b 2 A with a^b D 0. If a ı \ P D ; and b ı \ P D ;, then by Lemma 3.1, there are U 1 ; U 2 2 X m .A/ such that P Â U 1 , and P Â U 2 and a 2 U 1 , b 2 U 2 . As A is normal, U 1 D U 2 . Thus, a^b D 0 2 U 1 , which is a contradiction. Thus a ı \ P ¤ ; or b ı \ P ¤ ;. .2/ ) .1/ Let P 2 X.A/ and suppose that P Â U 1 , and P Â U 2 , where U 1 ; U 2 2 X m .A/. We prove that
. If a ı \ P ¤ ;, then there exists p 2 P such that a^p D 0, and as a 2 U 1 , we get that a^p D 0 2 U 1 , which is impossible. If b ı \ P ¤ ; we arrive also to a contradiction. Thus, U 1 Â U 2 , and as U 1 is maximal, we have that U 1 D U 2 . An annihilator-preserving semilattice homomorphism, or ı-homomorphism, is a bounded semilattice homomor-
Relative annihilator-preserving semilattice homomorphisms
Clearly any h i-homomorphism is also a ı-homomorphism. To prove the other inclusion, let x 2 .g OE.I . Hence, there is z 2 g OE.I such that x Ä z. Let y 2 .f .ha; bi/ be such that z D g.y/. Then x Ä g.y/, and as y 2 .f .ha; bi/, there is d 2 ha; bi such that y Ä f .d /. So, x Ä g.f .d // and since d 2 ha; bi, we obtain x 2 .g OEf .ha; bi/.
It is easy to see that the composition of ı-homomorphisms is a ı-homomorphism. (1) h is a ı-homomorphism.
(2) For all P 2 X.B/, and for all Q 2 X.A/, if h 1 OEP Â Q, then there exists D 2 X.B/ such that P Â D and
Proof. .1/ ) .2/ Let P 2 X.B/ and Q 2 X.A/ be such that h 1 OEP Â Q. Let us consider the filter F D
F .P [ h OEQ/.
We note that 0 … F , because otherwise, we have elements p 2 P and q 2 Q such that p^h.q/ D 0. Now we see that in the case of bounded distributive normal semilattices it is possible to give another characterization of the ı-homomorphisms.
Proposition 4.7. Let A; B 2 DS 01 . Suppose that B is normal. Let h W A ! B be a bounded semilattice homomorphism. Then h is a ı-homomorphism if and only if (1) For all P 2 X.B/, and for all
Proof. )/ Suppose that h is a ı-homomorphism.
Suppose that there exists
As B is normal, by Proposition 3.2, we get that
and since h is a ı-homomorphism,
If .h.a ı / \ P ¤ ;, then there exists x 2 a ı such that h.x/ 2 P . Then
So, x 2 Q 1 , and as a 2 Q 1 , we get a^x D 0 2 Q 1 , which is a contradiction. If we take the case .h.b ı / \ P ¤ ; we get also a contradiction. Thus, Q 1 Â Q 2 , and consequently,
.2/ is the conclusion of Lemma 4.4.
(/ Let a 2 A. We prove the inclusion h.a/ ı Â .h.a ı /. Suppose that there exists x 2 A such that x 2 h.a/ ı , but x … .h.a ı /. Then there exists a prime filter P of B such that h.a/ ı \ P ¤ ;, and .h.a ı / \ P D ;. As B is normal, there exists a unique Q 2 X m .B/ such that P Â Q. Then h.a/ … Q. So, We define the dual meet-relations of h i-homomorphisms and ı-homomorphisms. Let h W A ! B be a semilattice homomorphism. Recall that the relation R h Â X.B/ X.A/ defined by .P; Q/ 2 R h iff h 1 OEP Â Q, is a meet-relation.
Definition 4.8. Let X 1 and X 2 be two DS -spaces. Let R Â X 1 X 2 be a meet-relation. We shall say that R is a h i-relation if 8x 2 X 1 8y 2 X 2 ..x; y/ 2 R, implies that 9z 2 X 1 .x Ä z & R.z/ D OEy//. We shall say that R is a ı-relation if 8x 2 X 1 8y 2 X 2 ..x; y/ 2 R, implies that 9z 2
It is clear that every h i-relation is also a ı-relation. We note if R Â X 1 X 2 is a meet-relation, then the function h R W D.X 2 / ! D.X 1 / is a semilattice homomorphism. From Theorem 4.5 and Theorem 4.6 we have as a consequence the following result.
Proposition 4.9. Let A; B 2 DS 01 . Let h W A ! B be a bounded semilattice homomorphism. Then (1) h is a h i-homomorphism iff the meet relation R h is a h i-relation.
(2) h is a ı-homomorphism iff the meet relation R h is a ı-relation.
Supplement: some applications
We recall that an implicative semilattice is a meet-semilattice A with an additional binary operation !W A ! A such that for all a; b; c 2 A we have a^c Ä b iff c Ä a ! b. For two implicative semilattices A and B, we recall that a map h W A ! B is an implicative semilattice homomorphism if h is a meet-homomorphism and We recall that a p-morphism between two ordered sets hX 1 ; Ä 1 i and hX 2 ; Ä 2 i is a map f W X 1 ! X 2 satisfying the conditions: .1/ if x Ä 1 y then f .x/ Ä 2 f .y/, and .2/ if f .x/ Ä 2 z then there exists y 2 X 1 such that x Ä 1 y and f .y/ D z (see [2] ). A weak p-morphism is between two ordered sets hX 1 ; Ä 1 i and hX 2 ; Ä 2 i is a map f W X 1 ! X 2 such that f .x/ Ä 2 f .y/, when x Ä 1 y, and if f .x/ Ä 2 z then there exists y 2 X 1 such that x Ä 1 y and z Ä f .y/. Given a p-morphism or a weak p-morphism f W X ! Y we consider the relation
It is well known that a bounded lattice homomorphism is a Heyting homomorphism iff its dual is a p-morphism (see [2] ). Let A and B be two bounded distributive lattices. Recall that if h W A ! B is a semilattice homomorphism, then the relation R h Â X.B/ X.A/ by .P; Q/ 2 R h iff h 1 .P / Â Q, is a meet-relation. If h is a lattice homomorphism, then we can define a function f h W X.B/ ! X.A/ as f h .P / D h 1 .P /, for each P 2 X.B/.
In an implicative semilattice or in a Heyting algebra A we have that ha; bi D .a ! b, for each a; b 2 A. So, by Proposition 4.5 and Proposition 4.9 we get the following result: 
For implicative semilattice the situation is a little different, because the dual of implicative homomorphism is not a function. In [6] it was shown that the dual of implicative semilattice homomorphism is precisely a h i-relation (in [6] the h i-relations are called functional meet-relations). By Proposition 4.5, and Proposition 4.9 we get the following result first proved in [6] .
Corollary 4.11. Let A and B be two implicative semilattices. Let h W A ! B be a semilattice homomorphism. Then h is an implicative homomorphism iff h a h i-homomorphism iff the meet-relation R h Â X.B/ X.A/ is a h i-relation.
Relative annihilator-preserving congruence relations
Let A 2 DS 01 and let Â be a congruence of A. We will write .a; b/ 2 Â or a Á Â b. The equivalence class of an element a 2 A is denoted by jaj Â D fb 2 A j a Á Â bg, or directly by jaj. The canonical or natural map with respect to Â is the function q Â W A ! A=Â defined by q Â .a/ D jaj Â . For a subset S Â A, we will write
Remark 5.1. Let A 2 DS and let Â be a congruence of A. We note that in general the quotient A=Â may be not a distributive semilattice, because the class of DS is not a variety.
The notion of h i-homomorphism leads naturally to a notion of congruence that preserves relative annihilators. First, we establish the relevant properties of the kernel of a h i-homomorphism. 
This condition together with the symmetry of Â implies 8x 2 hb; d i 9y 2 ha; ci W .x; y/ 2 Â:
Let Â be a congruence of A 2 DS 01 . To indicate that the pairs .a; b/ and .c; d / satisfies the condition (2) of Definition 5.3 we will use the following notation:
Thus, a semilattice congruence Â is a RA-congruence if for all a; b 2 A, ha; ci
We denote by Con RA A the set of all RA-congruences of A, and by Con A A the set of all annihilator-preserving congruence of A. We note that Con RA A Â Con A A.
Let F be a filter of A 2 DS 01 . It is well known that the relation
is a congruence. On the other hand, if Â is a semilattice congruence of A, then the class j1j Â is a filter. In general, F D j1j Â.F / and Â.j1j Â / Â Â . If A is an implicative semilattice (see [7] ), then is valid the other inclusion, i.e., Â Â Â.j1j Â /. Now we prove that if a semilattice congruence Â is a RA-congruence, then Â D Â.j1j Â /. As a consequence of this fact we have that there exists a bijective correspondence between the sets Con RA A and Fi.A/.
We recall that if A is a distributive semilattice, then the mapping ' W A ! P.X.A// is defined by '.a/ D fP 2 X.A/ W a 2 P g.
So,
As '.b/ c is a compact subset of the DS -space hX.A/; T A i, there exist f 1 ; : : : ; f n 2 F such that
where f D 
As P 2˛.ha; ci/, there exists x 2 A such that a^x Ä c and x 2 P . So a^x 2 Q, and consequently c 2 Q. So, Let .a; b/ 2 Â . Let P 2 '.a/ \ˆ.j1j Â /. Since Â 2 Con RA A, we get that .ha; ai ; ha; bi/ D .A; ha; bi/ 2 Q Â :
As 1 2 A, there exists c 2 ha; bi such that .1; c/ 2 Â . So, c^a Ä b and c 2 j1j Â Â P . Thus, c^a 2 P , and consequently b 2 P . Therefore '.a/ \ˆ.j1j Â / Â '.b/. Similarly we can prove that '.b/ \ˆ.j1j Â / Â '.a/. Then Â Â Â.j1j Â /. Let F 2 Fi.A/. By Lemma 5.6 Â.F / 2 Con RA A. As identity F D j1j Â.F / is always true, we have that every filter is the kernel of a congruence from Con RA A. As for each F 2 Fi.A/, we get F D j1j Â.F / , and for each Â 2 Con RA A, we have that Â D Â.j1j Â /, we have as consequence that the maps F ! Â.F / and Â ! j1j Â show that there is a bijective correspondence between the sets Con RA A and Fi.A/. Moreover, since Â 1 Â Â 2 iff j1j Â 1 Â j1j Â 2 , we have that the ordered sets .Con RA A; Â/ and .Fi.A/; Â/ are isomorphic. Since .Fi.A/; Â/ is a bounded distributive lattice, because A is distributive, we get that .Con RA A; Â/ is also a bounded distributive lattice.
Remark 5.8. Let A 2 DS 01 . As A=Â is not a distributive semilattice, in general hjaj Â ; jbj Â i may be not an orderideal of A=Â . Then jcj Â 2 hjaj Â ; jbj Â i.
Assume that jcj Â 2 hjaj Â ; jbj Â i, i.e., jc^aj Â Ä jbj Â . Suppose that jcj Â … .jha; bij Â . It is not hard to see that .jha; bij Â is an order-ideal of A=Â . Then by Theorem 2.1 there exists an irreducible filter P of A=Â such that .jha; bij Â \P D ; and jcj Â 2 P . So, jha; bij Â \P D ; and jcj Â 2 P . Then ha; bi\q 
